The main goal of this paper is to introduce the notion of BiHom-post-Lie-algebras. They are a generalization of both post-Lie-algebras and Hom-post-Lie algebras. They are the algebraic structures behind the O-operator of BiHom-Lie algebras. They can be also regarded as the splitting into three parts of the structure of a BiHom-Lie-algebra.
Introduction
The notion of post-algebras was introduced in Rosenbloom (1942). In Rousseau (1969, 1970) an equivalent formulation of the class of post algebras was given which became a starting point for extensive research. Since then various generalizations of post algebras inspired by applications in computer science have been developed. Post-Lie algebras have been introduced by Vallette in 2007 [18] in connection with the homology of partition posets and the study of Koszul operads. However, J. L. Loday studied pre-Lie algebras and post-Lie algebras within the context of algebraic operad triples, see [14, 15] for details. In the last decade, Many authors studied post-Lie algebra structures in general, motivated by the importance of pre-Lie algebras in geometry and in connection with generalized Lie algebra derivations [3, 8, 19] . Post-Lie algebras are non-associative algebras which later on appeared to play an important role in different areas of pure and applied mathematics. They consists of a vector space A equipped with a Lie bracket [·, ·] and a binary operation ⊲ satisfying the following axioms
(0.1) [x, y] ⊲ z = as ⊲ (x, y, z) − as ⊲ (y, x, z).
(0.2)
If the bracket [·, ·] is zero, we have exactly a pre-Lie structure. The varieties of pre-and post-Lie algebras play a crucial role in the definition of any pre and post-algebra through black Manin operads product, see details in [1, 12] . Whereas pre-Lie algebras are intimately associated with Euclidean geometry, post-Lie algebras occur naturally in the differential geometry of homogeneous spaces, and are also closely related to Cartan's method of moving frames . Universal enveloping algebras of post-Lie algebras and the free post-Lie algebra are also studied [8] .
Hom-post-Lie algebras, has been studed in [2] as a twisted generalization post Lie algebra. the author study modules over Hom-post-Lie algebras and give some constructions and show that modules over Hom-post-Lie algebras are close by twisting either by Hompost-Lie algebra endomorphisms or module structure maps. We can obtain Hom post-Lie modules from only a given multiplicative Hom-post-Lie algebra in a non-trivial sense. Motivated by a categorical study of Hom-algebra and new type of categories, the authors of [10] introduced a generalized algebraic structure dealing with two commuting multiplicative linear maps, called BiHom-algebras including BiHom-associative algebras and BiHom-Lie algebras. When the two linear maps are the same, then BiHom-algebras become Hom-algebras in some cases. Many varieties of algebras are generalized to the BiHom-version, see details in [5, 6, 16] . The purpose of this paper is to introduce the notion of Bihom-post-Lie algebras, construct Bihom-post-Lie algebras in terms of O-operator of weight λ and develop its representation theory. The paper is organized as follows. In section 2, we recall some basic definitions and properties of post-Lie algebras and BiHom-Lie algebras. In section 3, we introduce the notion of BiHom-post-Lie illustrated by some examples. We construct BiHom-Lie algebras structure associated to any BiHom-post-Lie algebra. The bracket is given by
In addition, we investigate the notion of an O-operator of weight λ to construct a BiHompost-Lie algebra structure on the A-module K-algebra of a BiHom-Lie algebra (A, [·, ·], α, β). The Last section is devoted to introduce the representation theory of a BiHom-post-Lie algera and its sub-adjacent BiHom-Lie algebra. Throughout this paper, all vector spaces are over a field K of characteristic zero..
Preliminaries
In what follows, we recall some concepts and facts used in this paper Definition 1.1. A post-Lie algebra (A, [·, ·], ⊲) consists of a Lie algebra (A, [·, ·]) and a binary product ⊲ : A × A → A such that, for all elements x, y, z ∈ A the following relations hold
It is clear that a post-Lie algebra with an abelian Lie algebra structure reduces to a pre-Lie algebra. If we define L ⊲ : 
defines a Lie algebra structure on A.
We denote this algebra by A C and it is called the sub-adjacent Lie-algebra of (A, [·, ·], ⊲). 7) for any x, y ∈ A.
Let (A, [·, ·], ⊲) be a post-Lie algebra and (V, ρ, µ, ν) a representation of (A, [·, ·], ⊲). By identity (1.6), we deduce that (V, µ) is a representation of the sub-adjacent Lie algebra (A, {·, ·}) of (A, [·, ·], ⊲). Further, it is obvious that (A, ad, L ⊲ , R ⊲ ) is a representation of (A, [·, ·], ⊲) which is called the adjoint representation. 
such that for all x, y ∈ A, the following equalities are satisfied
( 1.11) We denote such a representation by
Then ad : A −→ gl(A) is a representation of the BiHom-Lie algebra (A, [·, ·], α, β) on A with respect to α and β, which is called the adjoint representation.
Let (A, [·, ·]) be a Lie algebra, α, β two commuting morphisms on A. Consider a representation (V, ρ) of A and two commuting linear maps φ, ψ :
Define a linear map ρ :
Lemma 1.4. With the above notation (V, ρ, φ, ψ) is a representation of (A, [·, ·] α,β , α, β). Lemma 1.5. Let (A, [·, ·], α, β) be a regular BiHom-Lie algebra, (V, φ, ψ) a vector space with two commuting bijective linear transformations and ρ :
Now we recall the definition of an O-operator on a BiHom-Lie algebra associated to a given representation, which generalize the Rota-Baxter operator of weight 0 introduced in [16] and defined as a linear operator R on a BiHom-Lie algebra (A, [·, ·], α, β) such that
(1.15)
BiHom-post-Lie algebras
In this section, we introduce the notion of BiHom-post-Lie algebras. We will provide some construction results.
It is known that (A, ad, α, β) is a representation of A called the adjoint representation. 
We denote this algebra by A ⋉
if and only if (V, ρ, φ, ψ) is a representation on A and satisfies Eq. (2.1).
is just a Rota-Baxter on A of the same weight.
We call [·, ·] the torsion and ⊲ the connection of the BiHom-post-Lie algebra.
if α = β = id, then we recover a post-Lie algebra. In addition, if [·, ·] = 0, then A reduces to a BiHom-pre-Lie algebra. 
defines a BiHom-Lie algebra structure on A. We denote this algebra by A C and we call it the sub-adjacent Lie algebra of A.
Proof. The BiHom-skew symmetry is obvious. We will just check the BiHom-Jacobi identity. For all x, y, z ∈ A, we have
Similarly, Proof. It is obvious to check that
To prove (1.11), we compute as follows. Let x, y, z ∈ A. Then
and the proof is finished. 
Then we obtain
Hence, the first condition hold using (2.8) and BiHom-Jacobi-Identity. To check the second condition, we compute as follow
Definition 2.4. [16]
A BiHom-tri-dendriform algebra is a 6-tuple (A, ≺, ≻, ·, α, β), where A is a linear space and ≺, ≻, · : A ⊗ A → A and α, β : A → A are linear maps satisfying
for all x, y, z ∈ A. We call α and β (in this order) the structure maps of A. 
for any x, y ∈ A.
Proof. For x, y, z ∈ A we prove that
We compute: 
for any u, v ∈ V. Then (V, {·, ·}, ⊲, φ, ψ) is a BiHom-post-Lie algebra and T is a morphism of BiHom-Lie algebras from the associated BiHom-Lie algebra of (V, {·, ·}, ⊲, φ, ψ) to (A, [·, ·], α, β). Furthermore, T(V) is a BiHom-Lie subalgebra of (A, [·, ·], α, β) and there is an induced BiHompost-Lie algebra structure on T(V) given by
(2.24)
Proof. We use the last condition of representation of BiHom-Lie algebras on K-algebra.
Using the condition (1.11) of Definition 1.4, we check
An obvious consequence of Theorem 2.9 is the following construction of a BiHompost-Lie algebra in terms of Rota-Baxter operator of weight λ on a BiHom-Lie algebra. Conversely, suppose that there exists an invertible O-operator T (of weight λ) of (A, [·, ·], α, β) associated to an A-module K-algebra (V, [·, ·] V , ρ, φ, ψ) . Then, using Proposition 2.9, there is a BiHom-post-Lie algebra structure on T(V) = A given by
If we st x = T(u) and y = T(v), then we get
This is compatible BiHom-post-Lie algebra structure on (A, [·, ·], α, β). Indeed,
The proof is finished.
Representation theory
In this section, we introduce the notion of representations of a BiHom-post-Lie algebra (A, [·, ·], ⊲, α, β) on a vector space V. 
Let (A, [·, ·], ⊲, α, β) be a BiHom-post-Lie algebra and (V, ρ, µ, ν, φ, ψ) a representation of (A, [·, ·], ⊲, α, β). By identity (3.5), we deduce that (V, µ, φ, ψ) is a representation of the sub-adjacent BiHom-Lie algebra (A, {·, ·}, α, β) of (A, [·, ·], ⊲, α, β). In addition, it is obvious that (A, ad, L ⊲ , R ⊲ , α, β) is a representation of (A, [·, ·], ⊲, α, β) which is called the adjoint representation. 
Proof. By the conditions (3.5) and (3.6) in Definition 3.1 and the identity (2.9), we have Let (A, [·, ·], ⊲) be a post-Lie algebra and α, β be two commuting post-Lie algebra morphisms on A. Consider a representation (V, ρ, µ, ν) (A, [·, ·], ⊲) and φ, ψ : V → V be two commuting linear maps obeying two the following conditions
Define the three linear maps ρ, µ, ν : A −→ gl(V) by ρ(x)(v) = ρ(α(x))(ψ(v)), µ(x)(v) = µ(α(x))(ψ(v)) and ν(x)(v) = ν(α(x))(ψ(v)). = {x, y} + π(x)v − π(α −1 β(y))φψ −1 (u).
Then (V, π, φ, ψ) is a representation of the sub-adjacent BiHom-Lie algebra (A, {·, ·}, α, β).
